We introduce a class of linear maps irreducibly covariant with respect to the finite group generated by the Weyl operators. This group provides a direct generalization of the quaternion group. In particular, we analyze the irreducibly covariant quantum channels; that is, the completely positive and trace-preserving linear maps. Interestingly, imposing additional symmetries leads to the socalled generalized Pauli channels, which were recently considered in the context of the non-Markovian quantum evolution. Finally, we provide examples of irreducibly covariant positive but not necessarily completely positive maps.
If Φ is also completely positive and trace-preserving, then it is called the covariant quantum channel. This notion first appeared in [1] , where Scutaru proved the Stinespring type theorem for covariant completely positive maps. However, the covariant quantum channels were first analyzed together with the covariant Markovian generators by Holevo [2, 3] . Examples of covariant channels include depolarizing channels [4] and transpose depolarizing channels [5, 6] . The channels that are covariant with respect to the irreducible unitary representation are called irreducibly covariant and posess an interesting property. Namely, if the channel is irreducibly covariant with respect to a compact group, then its Holevo capacity is additive and linearly proportional to the minimum output entropy [7] . This discovery started a series of articles dealing with additivity and multiplicity of minimum output entropy for irreducibly covariant quantum channels [6, [8] [9] [10] [11] [12] [13] .
There are the channels known as Weyl-covariant which are covariant with respect to the Weyl operators [3, [12] [13] [14] . It turns out that they satisfy condition (1) with G being the group generated by the Weyl operators. The properties of unitarily covariant and Weyl-covariant channels in dimension d ≥ 2 were studied by Datta, Fukuda, and Holevo in [13] , whereas Mendl and Wolf [15] dealt with the channels covariant with respect to O(d). Nuwairan [16] introduced the so-called EPOSIC channels and showed that they form a set of extreme points of the SU(2)-irreducibly covariant channels. Finally, Jencová and Plávala [17] provided the optimality conditions in discriminating covariant quantum channels.
In this paper, we construct the linear maps Φ that are covariant with respect to the unitary representation U of a finite group G. In particular, we construct the Weyl maps by requiring that the group G is the generalization of the quaternion group generated by the Weyl operators. It turns out that such Φ belong to the class of irreducibly covariant linear maps with simply reducible U ⊗ U c , which has been recently analyzed by Mozrzymas et. al. [18] . We provide the necessary and sufficient conditions for the Weyl maps to be completely positive and trace-preserving. For the d-dimensional Weyl channels, there are d − 1 choices of inequivalent representations U . The covariant maps possessing the additional symmetry
, with S being a suitable permutation matrix, satisfy Φ = Φ * , where Φ * is the map dual to Φ. Applying the additional conditions that follow from the group representation theory allows us to obtain the generalized Pauli channels for prime dimensions d. Finally, we provide two methods of constructing the Weyl-covariant positive, trace-preserving maps.
GENERALIZATION OF THE QUATERNION GROUP

Consider a set of unitary Weyl operators in
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satisfying well known properties
Moreover
that is, 'renormalized' operators W kl / √ d define an orthonormal basis in M d (C) (with respect to the Hilbert-Schmidt inner product). Let G denote a finite group generated by W kl . It consists in the following elements
and hence |G| = d 3 . One easily find the conjugacy classes of G,
for k, l = 0, 1, . . . , d − 1 and (k, l) = (0, 0).
, and
Proof. The dimensions of all the non-equivalent irreducible representations are related to the number of elements
where n k is the number of d k -dimensional representations. The number of nonequivalent irreducible representations is equal to the number of equivalence classes (6) of the group, of which there are
Moreover, we know that every group has the identity representation, which is one-dimensional, so that d 1 = 1. The following property of the characters,
and the fact that one-dimensional representations satisfy the group action imply that χ α (g) ∈ {1, ω, . . . , ω d−1 }. Moreover, there are at most n 1 = d 2 orthogonal rows of the character table. The group G is generated by the ddimensional Weyl operators, and therefore W kl define an irreducible unitary representation of G. Denote its dimension by d 2 = d. From (7) and (8), it follows that
As d k = d for k ≥ 3, the only solution is n k = 0, k ≥ 3, and n 2 = d − 1.
The character table has the structure presented below.
In the above table, we introduced the matrices with the following entries:
. The characters of the irreducible representations
number the rows of the table, and the conjugacy classes
number the columns. From definition, the columns and rows of the matrix F d ⊗ F d are mutually orthogonal. We check that the one-dimensional representations satisfy the group action (3),
Let us denote the known unitary representation (with the Weyl operators) by U 1 . For d = 2, this is the only irreducible representation of dimension higher than one. Observe that for prime d > 2, the other unitary representations follow from the group action written in terms of the group generators,
Proposition 2. For prime d, the set of d-dimensional irreducible unitary representations of G consist in U 1 and the representations constructed from U 1 in the following way,
2 . To number the rows of the character table, they are ordered as follows,
Proof. The fact that U 1 is an irreducible representation of G is obvious, as U 1 (g) have the right dimensions, characters, and they satisfy the group action. After making substitutions (16) and (17) in eq. (15), we get
respectively, which agree with (15) . Observe that U α is the contragredient (dual) representation of U α . It is worth noting that for α = 
COVARIANT QUANTUM CHANNELS
Consider an arbitrary finite group G and its unitary representation U in C d . Let us construct the linear map
where the adjoint representation is defined by
This class of maps defines a -algebra: if
where
is the convolution on G. Moreover, the dual map Φ * defined by
Now, formula (1) implies that Φ is covariant with respect to U if and only if
Using
Note that
which, together with (29), results in the following condition for µ(g),
Therefore, µ(g) depends on the classes C(g) of the group elements g instead of the elements themselves. Denoting the conjugacy classes by C k (k = 1, 2, . . . , r), one has
where µ k = µ(g) for g ∈ C k , and
For the linear map Φ to describe the quantum channel, additional constraints have to be imposed upon µ(g). (21) is the quantum channel if its coefficients µ(g) satisfy
Interestingly, as we shall see, conditions (34) are only sufficient and not necessary. Now, consider the group G generated by the d-dimensional Weyl operators. Construct the linear map Φ that is covariant with respect to the representation U 1 . Let us assume that µ(g) is the linear combination of the characters,
where χ α is the character of the one-dimensional representation φ α , and χ Uα denotes the character of the d-dimensional representation U α . Using the character table of G, one arrives at
Therefore, the resulting map is the Weyl map
where µ kl = dµ(C kl ) and
Note that parameters τ α are completely redundant, as they do not enter the final formula for µ kl .
is the quaternion group, for which U (g) are given by the Pauli matrices {±σ 0 , ±σ 1 , ± i σ 2 , ±σ 3 }. Now, we construct the map
and hence Φ can be rewritten as
with µ(C k ) = 2µ k , k = 1, 2, 3, and
The Weyl map Φ given in (38) is a quantum channel if and only if
Proof. Recall that Φ is a quantum channel if and only if it is completely positive and trace-preserving. Complete positivity is guaranteed by J(Φ) ≥ 0, where J(Φ) is the associated Choi matrix
and e ij = |i j|. It is easy to see that the Choi matrix satisfies the eigenvalue equation
with 
CONSTRUCTION OF THE IRREDUCIBLY COVARIANT QUANTUM CHANNELS
In this section, we follow the method of constructing the irreducibly covariant linear maps presented in [18] . Take a finite group G and its irreducible unitary representation U . With U , we associate the contragredient representation
It turns out that the representation U ⊗ U c is reducible, and therefore it can be expressed as the sum
of irreducible unitary representations φ α with multiplicity
where χ α is the character of the representation φ α . The procedure in [18] is applicable only to the multiplicity-free case, in which m α = 1 for α ∈ Θ and m α = 0 for α / ∈ Θ. Then, U ⊗ U c is called simply reducible. The linear map Φ that is irreducibly covariant with respect to the group G is constructed in terms of its spectral decomposition,
In the above formula, α are the eigenvalues of Φ, and
where |G| denotes the order of G, d α = dim φ α . Additionally, Φ is a quantum channel if and only if it is completely positive and trace-preserving.
Proposition 3. The irreducibly covariant quantum channel (51) is a special case of the covariant quantum channel in Theorem 1, where U is the irreducible unitary representation, U ⊗ U c is simply reducible, and
The following theorem shows that the Weyl channels belong to the class presented in Proposition 3.
Theorem 3. For every U α and U α , decomposition (49) is multiplicity-free -that is, the only non-vanishing multiplicities correspond to φ α and equal m α = 1.
Proof. From the character table, we know that
for (k, l) = (0, 0) and
for m = 0, . . . , d − 1. This allows us to simplify eq. (50) to
for the one-dimensional representations φ α and
for the d-dimensional representations U α . Analogical calculations show that m U α = 0. Now, using the unitary representation U 1 of the group G, we construct the irreducibly covariant linear map
where, from definition (52),
Proposition 4. The operators given in (59) are the rank-1 projectors onto the Weyl operators,
Proof. To prove this, it is enough to see that, when acting on the unitary basis of the Weyl operators, eqs. (59-60) both produce
Theorem 4. The irreducibly covariant linear map defined in (58) with Π kl given by (59) is the Weyl map -that is,
Moreover, it is the Weyl channel if and only if p kl ≥ 0 and
Proof. If we substitute (59) into (58), we see that
which for
is exactly (62). Complete positivity and preserving the trace follow from Theorem 2 for kl = ν kl and p kl = µ kl .
GENERALIZED PAULI CHANNELS
For a prime d, there exists a subclass of the Weyl channels with additional symmetries, known as the generalized Pauli channels [19] [20] [21] . The Weyl channel Φ in (62) is the generalized Pauli channel Φ GP C if and only if
One finds the following Kraus representation,
with π k ≥ 0, d+1 k=0 π k = 1. Therefore, to obtain the generalized Pauli channels, we need to impose additional conditions on the quantum channels that are irreducibly covariant with respect to the group G generated by the Weyl operators.
Let us recall that two unitary representations V α and V β of the group G are equivalent if and only if there exists the transformation matrix S such that
Proposition 5. For the group generated by the Weyl operators, there are the following pairs of equivalent unitary representations,
where S is the following permutation matrix
Proof. The fact that the representations U α and U d−α (and also U α and U d−α ) are equivalent has been discussed in the proof to Proposition 2. To find the transformation matrix S, we assume that
For the unitary representations U α and U α of the group G, eq. (67) implies that
Using the group action of G generated by the Weyl operators W kl , one gets (69).
Remark 1. The transformation matrix S from Proposition 5 recovers A 00 in the definition of the discrete Wigner function [22] ,
Proposition 6. Let S be the transformation matrix given in Proposition 5. If the Weyl channel Φ is covariant with respect to S, that is,
then it possesses real eigenvalues.
Proof. Calculate the inverse relation between p kl and kl from formula (64),
The eigenvalues mn are real if and only if
For the Weyl operators and S from Proposition 5, we have
Hence, we see that Φ satisfies eq. (74) 
Observe that the eigenvalues of Φ are grouped as in (65). Therefore, eq. (74) provides the necessary and sufficient conditions for the three-dimensional Weyl channel Φ to be the generalized Pauli channel. However, for a prime d > 3, conditions (74) are no longer sufficient.
Theorem 5. Suppose that the Weyl channel Φ satisfies (74); that is, kl are real. For every β = 1, . . . ,
2 , use the irreducible representation U β to construct the Weyl channel via
kl are the rank-1 projectors onto W βk,βl . Now, Φ is the generalized Pauli channel if and only if
for any β = 1, . . . ,
2 . Proof. Observe that Φ and Φ β have the same spectrum but to different eigenvalues, as eq. (60) produces
Therefore, if Φ is the quantum channel, then so are Φ β . Moreover, formula (80), together with (81), imposes the constraints βk,βl = kl , which are consistent with condition (65) for the generalized Pauli channels. Note that the assumptions of Theorem 5 can be modified. If we drop the requirement that the Weyl channel Φ has real eigenvalues but check condition (80) for β = 1, . . . , d − 1, then we arrive at the same results.
CLASS OF COVARIANT POSITIVE MAPS
Consider the positive covariant linear map
where W α are the Weyl operators. Recall that a map is positive if for any X ≥ 0, one has Φ[X] ≥ 0 [23, 24] . Positive maps have received considerable attention recently due to their close relation to the entanglement theory [25] .
. Unfortunately, the structure of positive maps is still not fully understood, and the general construction of such maps is not known (see the recent review [26, 27] ).
In what follows, we provide two constructions of the positive maps that are covariant with respect to the finite group generated by the Weyl operators. Let ∆ ⊂ {0, 1, . . . , d
2 − 1} with |∆| = N . Consider the linear map Φ :
with λ + α > 0 and λ
Clearly, if there are no negative eigenvalues, the map is completely positive. Now, the problem is to find the 'balance' between λ 
then Φ defined by (83) is positive.
Clearly, conditions (85) are only sufficient but not necessary. Now, taking
, and hence one arrives at the following corollary.
for any N ≤ d − 1 and 
is positive. In particular, taking λ + α = 1 and using the well-known property
one recovers the celebrated reduction map
Example 4. The above example can be generalized to an arbitrary dimension in the following way: take λ − α = −1 for α = 0, 1, . . . , d − 2, and λ
2 − 1. Then, the map
is positive and trace-preserving.
Let us turn our interest to prime dimensions. By {|ψ
; that is, the orthonormal bases for which
when α = β. In [29] , the authors considered the following family of positive, trace-preserving maps,
In the above formula, O (α) are rotations in R d around the axis determined by n = (1, . . . , 1); i.e., O (α) n = n. Proof. One can construct unitary operators from MUBs in the following way,
Recall that, for prime d, U k α are the rescalled Weyl operators [20] . From the properties of the Weyl channels, it follows that Φ is Weyl-covariant if and only if I and U k α are its eigenvectors. We check that
and hence U 
Knowing that
ITrX being the completely depolarizing channel, we recover the reduction map in M d (C),
Now, let us generalize the map in (96) as follows.
Proposition 8. Take a subset Γ ⊂ {1, 2, . . . , d + 1} with |Γ| = k. The map defined by
is the generalized Pauli trace-preserving positive map.
Proof. Let P be any rank-1 projector. We show that
which implies the positivity of Φ Γ (cf. [29] ). We consider two separate cases:
If k = 1, then Γ = {α * }, and Φ Γ simplifies to
where denotes the sum over α = α * . We need to find
Observe that
and hence
where we have used the well-known property of the MUBs [30, 31] . Moreover, using the fact that all the maps Φ α are self-dual and Φ α Φ β = Φ 0 for α = β, one finds 
Finally, we arrive at
For k > 1, we arrive at 
Finally, using eqs. 
which ends the proof.
CONCLUSIONS
We analyzed a class of irreducibly covariant quantum channels with respect to the unitary representations of the finite group G generated by the Weyl operators. Interestingly, all the d-dimensional representations of G are multiplicity-free, and hence one can apply to them the analysis developed recently by Mozrzymas et. al. [18] . The channel that is irreducibly covariant with respect to the d-dimensional representations of G turns out to be the Weyl channel. For prime dimensions, one can consider the subclass of the Weyl channels known as the generalized Pauli channels [19] [20] [21] . Finally, we analyzed the class of irreducibly covariant maps which are positive but not necessarily completely positive. Such maps provide an important tool in the entanglement theory. We presented two classes of positive maps: one belonging to the general family of the Weyl maps and the other to the reduced family of the generalized Pauli maps. It would be interesting to further study the properties of positive maps -for example, decomposability, optimality, or extremality. Also, the generalized Pauli maps were defined only for prime dimensions. One could consider a more general case with d = p r and prime p, where the maximal set of 'd + 1' MUBs can be found [22] .
